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Abstract
The lightcone formalism including SU(3) breaking effects for the light pseudoscalar mesons is
studied using soft-collinear effective theory (SCET), where the conformal symmetries needed for
the expansion can be clearly implemented. The lightcone distribution amplitudes (LCDAs) are
well-defined at each order in the SCET power counting, λ. Relations between the LCDAs are
reproduced using the SCET formalism. Treating the SU(3) breaking perturbatively, the leading
breaking effects can be described in a simple manner. As a result, a new relationship among the
LCDAs for the light mesons pi, K, and η is developed, valid to leading order in the SU(3) breaking.
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I. INTRODUCTION
Processes which include an energetic light meson in the initial or final state are often
described by factoring the long distance interactions of the light meson into a lightcone
distribution amplitude (LCDA). The LCDA depends on the large momentum fractions of
the partons inside the light meson. Power counting is achieved using a twist expansion on
the lightcone. Due to the conformal symmetry on the lightcone (see e.g. [1]), the form of
the LCDA can be expanded in an infinite series of polynomials with definite conformal spin.
The coefficients of the series do not mix at one-loop order. Assuming the series converge, the
nonperturbative physics can be described by the first few coefficients, which can hopefully
be extracted from experiment.
Soft-collinear effective theory (SCET) [2, 3] was developed to describe processes that
include highly energetic collinear particles interacting with soft degrees of freedom, precisely
the situation discussed above. Factoring the collinear and soft degrees of freedom is achieved
in SCET by a field redefinition. To obtain the effective theory, first hard degrees of freedom
with the offshellness p2 ∼ Q2 are integrated out, and operators in full QCD are matched
onto SCET systematically in powers of λ ∼ ΛQCD/Q. The Wilson coefficients for the SCET
operators give the perturbative hard parts of the interaction, while the matrix elements of
the SCET operators are nonperturbative functions describing the long distance interactions.
For example, at leading order in λ, the pion form factor Fpiγ is
Fpiγ =
i
2Q
∫ 1
0
du TH(Q, u)
〈
pi0
∣∣∣∣∣∣ξ¯nWδ

u− P
†
n · ppi

 n/
2
γ5
λ3√
2
W †ξn
∣∣∣∣∣∣ 0
〉
= fpi
∫ 1
0
du TH(Q, u) φpi(u), (1)
where λ3 is a Gell-Mann matrix with normalization Tr[λaλb] = 2δab, the lightcone vector nµ
and nµ satisfy n2 = n2 = 0 and n · n = 2, and P = n · P is a derivative operator giving the
large label momentum in the n-direction from the collinear fields. W is a collinear Wilson
line defined as
W (x) = exp
(
−g 1P n · An(x)
)
= Pexp
(
ig
∫ x
−∞
dsn ·An(snµ)
)
, (2)
where P represents the path-ordered integral. In Eq. (1), we used the definition of the
leading LCDA in SCET [4]
− ifpin · ppi
2
φpi(u) = 〈pi0|ξ¯nWδ
(
u− P
†
n · ppi
)n/
2
γ5
λ3√
2
W †ξn|0〉, (3)
which in coordinate space is equivalent to
〈pi0|ξ¯nW (x)n/
2
γ5
λ3√
2
W †ξn(y)|0〉 = −ifpi n · ppi
2
∫ 1
0
duein·ppi(ux+u¯y)φpi(u). (4)
We have defined the momentum fraction u = 1−u, and the coordinate xµ and yµ are on the
same lightcone such that xµ = xnµ, yµ = ynµ (this notation will be used throughout this
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paper). As can be seen from Eq. (2), the multiplication of the collinear Wilson lines W (x)
and W †(y) is simply interpreted as a Wilson link
[x, y] =W (x)W †(y) = P exp
(
ig
∫ x
y
dsn · An(snµ)
)
. (5)
The matrix element of SCET is well-defined and can be compared to the leading twist LCDA
in full QCD.
Although LCDAs in full QCD are well-defined using the twist expansions, the formalism
can be quite difficult to apply to higher order processes. SCET may be a useful here since
the factorization can be simply obtained. Furthermore, there are useful constraints on the
SCET operators using the gauge symmetries [3] and reparameterization invariance (RPI)
[5] of SCET. The remarkable point is that the twist expansion of the lightcone formalism
in full QCD is equivalent to the power expansion of λ in SCET. As investigated in Ref. [6],
it is possible to give one-to-one correspondence between the matrix elements in SCET and
the lightcone formalism at any order in λ. Thus the matrix elements of subleading collinear
operators in SCET automatically give the higher-twist LCDAs.
Flavor SU(3) is a good symmetry for the hard kernels of factorized high-energy processes,
because SU(3) breaking effects are usually suppressed by at least 1/Q. However in nonper-
turbative functions, such as LCDAs for K and Bs, the SU(3) breaking where ms ≫ mu,d
can be large and a main source of hadronic uncertainties [7]. With the rough estimate
ms/ΛQCD ∼ 0.3, there are significant corrections to the SU(3) limit. Furthermore, in the
heavy quark limit (mQ →∞) or the large energy limit (E →∞), these SU(3) breaking cor-
rections do not vanish, so SU(3) corrections must be treated differently than the expansions
in 1/mQ or 1/E. Previous studies of SU(3) breaking effects on LCDA for light mesons have
been considered in the framework of lightcone sum rule (LCSR) [8, 9] and chiral perturba-
tion theory (ChPT) [10, 11]. The results are important to precise predictions of exclusive
hadronic B decays [12] and recently developed semi-inclusive hadronic B decays [13].
The SU(3) breaking effects can also be studied systematically using SCET. For conve-
nience we keep only the strange quark mass ignoring u and d quark masses in the SCET
Lagrangian. In this case the breaking effects come from the following quark mass terms in
SCET Lagrangian [7]
L(1)m = m ξ¯n
[
iD/⊥,
1
n · iD
]
n/
2
ξn, L(2)m = −m2ξ¯n
1
n · iD
n/
2
ξn, (6)
where the covariant derivative for the collinear field has been defined and power-counted as
iDµ = (P + gn · An)n
µ
2
+ (Pµ⊥ + gAµn,⊥) + (n · P + gn · An)
nµ
2
(7)
= O(λ0) +O(λ1) +O(λ2).
The mass terms in the Lagrangian originate from the following decomposition of the collinear
quark field
ψ(x) =
∑
p˜
e−ip˜·x(ξn + ξn) =
∑
p˜
e−ip˜·x
[
ξn +
1
n · iD
(
iD/⊥ +m
)n/
2
ξn
]
, (8)
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where ξn and ξn satisfy the constraints
n/n/
4
ξn = ξn,
n/n/
4
ξn = 0, (9)
n/n/
4
ξn = ξn,
n/n/
4
ξn = 0. (10)
Applying the QCD equation of the motion, we can relate ξn to ξn,
ξn =
1
n · iD
(
iD/⊥ +m
)n/
2
ξn, (11)
where we see that ξn is suppressed by O(λ) compared to ξn. SU(3) breaking effects occur via
the time-ordered products of L(1),(2)m or the ξn components in SCET operators at the higher
order in λ. With the scaling E ≫ Λ≫ ms, SCET allows for two independent power series
expansions, λ and ms/Λ. At each order in λ we can describe the leading SU(3) breaking
effects in LCDAs, which can be compared to previous works.
In this paper, we derive relations between the LCDAs of pi, K, and η which cover the
leading SU(3) breaking effects. At leading order in λ, the relation can be easily derived
through the time-ordered products of L(1)m and twist-2 operators. Further, it can be extended
to twist-3 LCDAs and can be confirmed by the exact relations between twist-3 LCDAs, φMp ,
φMσ , and φ3M . The rest of the paper is organized as follows. In Sec. II, we briefly discuss
conformal symmetry in SCET. In Sec. III, the lightcone formalism for energetic pseudoscalar
mesons is introduced in the framework of SCET. Using isospin symmetry in case of the pion,
we derive constraints between the twist-3 LCDAs equivalent to the established results in full
QCD [14]. In Sec. IV and V, we investigate the leading and subleading SU(3) breaking
effects, respectively, using SCET. In Sec. VI, using constraints between LCDAs, we obtain
exact forms of the twist-3 LCDAs φMp and φ
M
σ (or φ
M
± ). With SU(3) broken, those LCDAs
are expressed in terms of coefficients of the Gegenbauer polynomials in φM together with
nonperturtative parameters in φ3M . Finally, we conclude in Sec. VII.
II. CONFORMAL SYMMETRY IN SCET
Lightcone conformal symmetry for QCD [1] is extremely useful for the analysis of nonlocal
operators in SCET. In general, SCET fields are considered to have definite conformal spin
j and twist t
j =
1
2
(l + s), t = l − s, (12)
where l denotes dimension of the field and s is a collinear spin obtained by applying the
collinear generator Sn to the field
SnΦ = 1
2
nµnνΣµνΦ = sΦ. (13)
The spin operator Σµν depends on the representation of fields,
Σµνφ = 0, Σµνψ =
i
2
σµνψ, ΣµνAα = gναAµ − gµαAν . (14)
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The collinear quark fields in SCET have the following collinear spins
Snξn = 1
2
(n/n/
4
− n/n/
4
)
ξn =
1
2
ξn, Snξn = 1
2
(n/n/
4
− n/n/
4
)
ξn = −1
2
ξn. (15)
The gauge invariant SCET fields have their own conformal spins and twists as follows [15]:
W †ξn(x) : j = 1, t = 1
W †ξn(x) =
1
PW
†
(
iD/⊥ +m
)n/
2
ξn(x) : j =
1
2
, t = 2
[
PW †iD⊥µW
]
(x) : j =
3
2
, t = 1, (16)[
PW †n · iDW
]
(x) : j = 1, t = 2.
In SCET power-counting, ξn ∼ O(λ) and each component of iDµ is power-counted as shown
in Eq. (7). Therefore we find that the twist expansion is identical with the λ expansion.
In general the nonlocal operator which consists of two fields on the lightcone with definite
conformal spins j1 and j2,
O(α1, α2) = Φj1(α1n)ΓΦj2(α2n), (17)
can be constructed by the conformal towers of the highest-weight local operators with j =
j1 + j2 + n,
Oj1,j2n (α) = (n · i∂)n
[
Φ(αn)ΓP (2j1−1,2j2−1)n
(
n · i∂ − n · i←−∂
n · i∂ + n · i←−∂
)
Φ(αn)
]
, (18)
where P (α,β)n are the Jacobi Polynomials. The conformal local operators at each n in Eq. (18)
do not mix under renormalization to leading order because the renormalization group equa-
tion (RGE) is no more than the Ward identity for the dilatation generator of the conformal
group [1].
As an example, consider the leading order (twist-2) light cone wave function for pion,
〈pi+|ξ¯unW (x)
n/
2
γ5W
†ξdn(y)|0〉 = −ifpi
n · ppi
2
∫ 1
0
duein·ppi(ux+uy)φpi(u). (19)
The nonlocal operator on the light cone can be expanded in terms of
O1,1n (x) = ξ¯unW (x)
n/
2
γ5(P−)nC3/2n
(P+
P−
)
W †ξdn(x), (20)
where P± = P† ± P and the Gegenbauer polynomials C3/2n ∼ P (1,1)n . When we take the
vacuum-to-pion matrix element, the result is
〈pi+|O1,1n (x)|0〉 = −
i
2
fpi(n · ppi)n+1
∫ 1
0
duC3/2n (2u− 1)φpi(u, µ). (21)
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As discussed above, due to the conformal symmetry the above equation does not mix under
renormalization with the terms m 6= n. Futher, there is no mixing with collinear gluon
operators with j = 3 + n− 1 due to the flavor structure of the pion.1
In order to take advantage of the orthogonality of C3/2n ,
∫ 1
0
duuuC3/2n (2u− 1)C3/2m (2u− 1) = δmn
(n+ 1)(n+ 2)
4(2n+ 3)
, (22)
we expand φpi(u, µ) in Gaugenbauer polynomials
φpi(u, µ) = 6uu
∑
n=0
an(µ)C
3/2
n (2u− 1), (23)
where a0 = 1 from the normalization condition
∫
du φpi(u) = 1. Then, from Eq. (21), the
coefficient an(µ) are multiplicatively renormalized [17, 18],
an(µ) = an(µ0)
(
αs(µ)
αs(µ0)
)γ(0)n /β0
, (24)
where β0 = 11 − 2nf/3 is the first coefficient of the QCD β function, and the anomalous
dimension for an is
γn =
αsCF
2pi
γ(0)n =
αsCF
2pi
[
1− 2
(n+ 1)(n + 2)
+ 4
n+1∑
k=2
1
k
]
. (25)
Since γn with n 6= 0 is positive definite, the coefficients for the higher conformal spins can
be neglected when the renormalization scale µ≫ µ0.
III. LCDAS FOR PSEUDOSCALAR MESONS
In full QCD, the LCDAs for pseudoscalar mesons to twist-3 accuracy are defined as
〈M |q¯(x)γµγ5[x, y]q(y)|0〉 = −ifMn · pM nµ
2
∫ 1
0
duein·pM (ux+uy)φM(u), (26)
〈M |q¯(x)γ5[x, y]q(y)|0〉 = −ifMµM
∫ 1
0
duein·pM (ux+uy)φMp (u), (27)
〈M |q¯(x)σµνγ5[x, y]q(y)|0〉 = ifM µM
6
(pµM∆
ν − pνM∆µ)
×
∫ 1
0
duein·pM (ux+uy)φMσ (u), (28)
〈M |q¯(x)σµνγ5[x, z]gGαβ(z)[z, y]q(y)|0〉 = i[pµM(pαMgνβ − pβMgαν)− (µ↔ ν)]f3M
×
∫ 1
0
[dui]e
in·pM(u1x+u2y+u3z)φ3M(ui), (29)
1 In the flavor singlet case, it would mix with the two-gluon operator. The SCET calculation of the RGE
mixing for the twist-2 LCDAs has been performed in [16].
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where ∆µ = xµ − yµ = (x− y)nµ and [dui] = du1du2du3δ(1− u1 − u2 − u3).
In SCET, we define the light cone wave function keeping the exact λ (∼ p⊥/n·p ∼ Λ/EM)
power counting with definite conformal spins and twists as
〈M |ξ¯nW (x)n/
2
γ5W
†ξn(y)|0〉 = −ifM n · pM
2
∫ 1
0
duein·pM(ux+uy)φM(u), (30)
〈M |ξ¯nW (x)γ5W †ξn(y)|0〉 = −ifM µM
2
∫ 1
0
duein·pM (ux+uy)φM+ (u), (31)
〈M |ξ¯nW (x)γ5W †ξn(y)|0〉 = −ifM µM
2
∫ 1
0
duein·pM (ux+uy)φM− (u), (32)
〈M |ξ¯nW (x)n/
2
γ5W
†ξn(y)|0〉 = −ifM n · pM
2
∫ 1
0
duein·pM(ux+uy)gM(u), (33)
〈M |ξ¯nW (x)n/
2
γ⊥µ B⊥ν (z)γ5W †ξn(y)|0〉 =
i
2
f3Mg
⊥
µν(n · pM)2
×
∫ 1
0
[dui]e
in·pM (u1x+u2y+u3z)φ3M(ui), (34)
where B⊥ν (z) =
[
PW †iD⊥ν W
]
(z). Eqs. (31), (32), and (34) are λ-suppressed (twist-3) com-
pared to the leading order, while Eq. (33) is λ2-suppressed.
To include the effects of a light quark mass, we need the SCET Lagrangian including the
quark mass [7],
LSCET = ξ¯nn · iDn/
2
ξn + ξ¯n
(
iD/⊥ −m
)
ξn + ξ¯n
(
iD/⊥ −m
)
ξn + ξ¯nn · iDn/
2
ξn
= ξ¯n
[
n · iD + iD/⊥ 1
n · iDc iD/⊥
]
n/
2
ξn + L(1)m + L(2)m , (35)
where L(1),(2)m are given in Eq. (6), and for the second equality we used the relation in Eq. (11).
Keeping the lowest order in λ in Eqs. (27) and (28), we find the relations
φp(u) =
1
2
[φ+(u) + φ−(u)],
∂
∂u
φσ(u) = −3[φ+(u)− φ−(u)]. (36)
Furthermore, expanding Eq. (26) to twist-4 accuracy gives [19]
〈M |q¯(x)γµγ5[x, y]q(y)|0〉 = −ifMn · pM nµ
2
∫ 1
0
duein·pM (ux+uy)φM(u)
− i
2
fMm
2
M
1
pM ·∆∆µ
∫ 1
0
duein·pM (ux+uy)gM(u), (37)
where the second term on the right-hand side corresponds to Eq. (33).
The coefficient µM in Eqs. (27) and (28), which results from quark condensation, can
be obtained by the equation of motion in full QCD. For the pion, consider a translation of
Eq. (26) in the limit y → x = 0,
P µ〈pi+|u¯γµγ5d(0)|0〉 = −ifpip2pi = −ifpim2pi
= 〈pi+|u¯
(
−i←−∂/ + i∂/
)
γ5d(0)|0〉 = 〈pi+|u¯
(
i
←−
D/ + iD/
)
γ5d(0)|0〉
= (mu +md)〈pi+|u¯γ5d(0)|0〉, (38)
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where i
←−
Dµ = −i←−∂ µ + gAµ. We then see, using Eq. (27), µpi = m2pi/(mu +md).
In SCET the quark condensation factor µM can also be acquired easily. We begin by
decomposing the pion momentum as
pµ = n · pn
µ
2
+ pµ⊥ + n · p
nµ
2
= n · pn
µ
2
+
m2pi
n · p
nµ
2
. (39)
Taking the limit x→ y = 0 in Eqs. (30) and (33), we obtain
− ifpim2pi = −ifpi(n · pn · p) = −ifpi(
1
2
n · pn · p+ 1
2
n · pn · p) (40)
= n · P 〈pi+|ξ¯un
n/
2
γ5ξ
d
n(0)|0〉+ n · P 〈pi+|ξ¯un
n/
2
γ5ξ
d
n(0)|0〉
= 〈pi+|ξ¯un
n/
2
(
n · P† − n · P
)
γ5ξ
d
n|0〉+ 〈pi+|ξ¯un
n/
2
(
P† −P
)
γ5ξ
d
n|0〉
= 〈pi+|ξ¯un
n/
2
(
n · i←−D − n · iD
)
γ5ξ
d
n|0〉+ 〈pi+|ξ¯un
n/
2
(
n · i←−D − n · iD
)
γ5ξ
d
n|0〉,
where i
←−
Dµ is given by P†µ + gAµ. From the SCET equation of motion and using Eq. (11),
the second and the third bilinear operators in the last equality lead to
ξ¯unγ5n · iD
n/
2
ξdn = −ξ¯unγ5
(
iD/⊥ −md
) 1
n · iD
(
iD/⊥ +md
)n/
2
ξdn, (41)
ξ¯un
n/
2
n · i←−Dγ5ξdn = ξ¯un
(
−i←−D/⊥ +mu
)
γ5
1
n · iD
(
iD/⊥ +md
)n/
2
ξdn
= ξ¯unγ5
(
iD/⊥ +mu
) 1
n · iD
(
iD/⊥ +md
)n/
2
ξdn, (42)
where we used i
←−
D
µ
⊥ = iD
µ
⊥ since we chose a frame where the total transverse momentum of
the partons in the pion system are zero, Eq. (39). Combining these equations, we find
ξ¯unγ5n · iD
n/
2
ξdn + ξ¯
u
n
n/
2
n · i←−Dγ5ξdn = (mu +md)ξ¯unγ5
1
n · iD
(
iD/⊥ +md
)n/
2
ξdn. (43)
Similarly, the first and fourth operators in the last equality of Eq. (40) lead to
ξ¯un
n/
2
n · i←−Dγ5ξdn + ξ¯unγ5n · iD
n/
2
ξdn = (mu +md)ξ¯
u
n
n/
2
(
i
←−
D/⊥ +mu
) 1
n · i←−D γ5ξ
d
n. (44)
Finally, we find, up to SU(2) corrections,
− ifpim2pi = (mu +md)〈pi+|ξ¯unγ5
1
n · iD
(
iD/⊥ +md
)n/
2
ξdn + ξ¯
u
n
n/
2
(
i
←−
D/⊥ +mu
) 1
n · i←−D γ5ξ
d
n|0〉
∼ 2(mu +md)〈pi+|ξ¯unγ5
1
n · iDc
(
iD/⊥ +md
)n/
2
ξdn|0〉 (45)
∼ 2(mu +md)〈pi+|ξ¯un
n/
2
(
i
←−
D/⊥ +mu
) 1
n · i←−D γ5ξ
d
n|0〉.
We can therefore obtain the chiral condensation factor µpi in a well-defined manner in SCET.
It can give a numerically sizable correction to subleading order matrix elements in the
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effective theory even though µM is power-counted as O(λ). In SU(3) limit, we identify
µK ∼ µpi ∼ B0, where B0 is proportional to the vacuum expectation value of the light quark
pair,
B0 ∝ 〈u¯u〉 ∼ 〈d¯d〉 ∼ 〈s¯s〉. (46)
However including SU(3) breaking with nonzero ms, we treat µK 6= µpi since 〈s¯s〉 can be
different from 〈q¯q〉. For the kaon, the exact value for µK is µK = m2K/(ms+mq) ∼ B0+B1,
where q = u, d, and B1 is the leading SU(3) breaking term from the vacuum expectation
value of the light quark pairs. In order to investigate leading SU(3) breaking effects in
LCDAs, it is useful to keep only the leading SU(3) breaking correction. We will therefore
identify µK = µpi +O(ms/Λ) in our notation without any further assumption.
A. Expansion of the subleading LCDAs using conformal symmetry
Because the SCET operators at each order have definite conformal spins, it is useful to
expand these nonlocal operators in terms of local conformal operators. In this subsection,
for simplicity we neglect the quark mass. For the two-particle (or two-point) nonlocal
operators, we can easily construct the conformal operators using Eq. (18). The relevant
conformal operators for the higher-order, nonlocal operators in Eqs. (31-33) are
ξ¯unW (x)γ5W
†ξdn(y) −→ O1,1/2n = ξ¯unWγ5(P−)nP (0,1)n
(P+
P−
)
W †ξdn, (47)
ξ¯unW (x)γ5W
†ξdn(y) −→ O1/2,1n = ξ¯unWγ5(P−)nP (1,0)n
(P+
P−
)
W †ξdn, (48)
ξ¯unW (x)
n/
2
γ5W
†ξdn(y) −→ O1/2,1/2n = ξ¯unW
n/
2
γ5(P−)nC1/2n
(P+
P−
)
W †ξdn, (49)
where we used the Jacobi polynomial identity P (α,β)n (−x) = (−1)nP (β,α)n (x), and in the last
equation we replaced the P (0,0)n with the Gegenbauer polynomial C
1/2
n . At one loop order,
these operators for each n do not mix. From the orthogonality relations
∫ 1
0
du(uu)l−1/2C lm(2u− 1)C ln(2u− 1) =
pi21−4lΓ(2l + n)
n!(n + l)Γ2(l)
δmn, (50)
∫ 1
0
duuαuβP (α,β)m (2u− 1)P (α,β)n (2u− 1) =
Γ(α + n + 1)Γ(β + n+ 1)
n!(α + β + 1 + 2n)Γ(α+ β + n + 1)
δmn,
we can determine the forms of the LCDAs φpi+, φ
pi
−, and gpi,
φpi+(u) = 2u
∑
n=0
b+n (µ)P
(0,1)
n (2u− 1), (51)
φpi−(u) = 2u
∑
n=0
b−n (µ)P
(1,0)
n (2u− 1), (52)
gpi(u) =
∑
n=0
cn(µ)C
1/2
n (2u− 1). (53)
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The three particle wave function φ3pi is more complicated. Because the relevant nonlocal
operator can be expanded in terms of the local operatos with the conformal spin j = 7/2+n,
the explicit form can be written as [1, 14]
φ3pi(ui, µ) = 360u1u2u
2
3
[
ω7/2(µ) + ω9/2(µ)
1
2
(7u3 − 3) + ω11/21 (µ)(2− 4u1u2 − 8u3 + 8u23)
+ ω
11/2
2 (µ)(3u1u2 − 2u3 + 3u23) + · · ·
]
, (54)
where ui = u1, u2, u3. The coefficients ω
7/2 and ω9/2 are multiplicatively renormalized at one
loop, while there is mixing between ω
11/2
1 and ω
11/2
2 with the anomalous dimensions given in
Ref [14].
B. Relations between the subleading LCDAs
At subleading order, there are constraints relating the three LCDAs φpi+, φ
pi
−, and φ3pi to
each other. Using operator identities [20, 21] based on the equation of motion, relations
between the twist-3 LCDAs were introduced in Refs. [14, 19]. In SCET, the equivalent
constraints can be obtained by analyzing the relevant operators directly.
We start from the following identity
〈pi+|ξ¯unW (x)
n/
2
γ5
(
P/ †⊥ −P/⊥
)
W †ξdn(y)|0〉 = 0, (55)
due to the fact that we can pick a frame where the total transverse momentum of the pion
is zero. Using the identity
PµW †ξn(x) =W †iDµξn(x) + i
∫ x
−∞
dz
[
PW †iDµW
]
(z)W †ξn(x), (56)
where [W †iDµW ](x) = −i ∫ x−∞ dz[PW †iDµW ](z), the bilinear operator in Eq. (55) can be
written as
ξ¯unW (x)
n/
2
γ5
(
P/ †⊥ −P/⊥
)
W †ξdn(y) = −ξ¯un
n/
2
←−−
iD/⊥W (x)γ5W
†ξdn(y) + ξ¯
u
n
n/
2
W (x)γ5W
†iD/⊥ξdn(y)
−iξ¯unW (x)
n/
2
γ5
∫ x
y
dz
[
PW †iD/⊥W
]
(z)W †ξdn(y). (57)
Taking the matrix element of the above equation neglecting the quark mass, we obtain
(
−ifpiµpi
2
)
i∂x
∫ 1
0
duein·ppi(ux+uy)φpi−(u)−
(
−ifpiµpi
2
)
i∂y
∫ 1
0
duein·ppi(ux+uy)φpi+(u) (58)
+ (n · ppi)2f3pi
∫ x
y
dz
∫
[dui]e
in·p(u1x+u2y+u3z)φ3pi(ui)
=
fpiµpi
2
in · ppi
∫ 1
0
duein·ppi(ux+uy)
[
uφpi−(u)− uφpi+(u)
]
−in · ppif3pi
∫
[dui]
(
ein·ppi[(u1+u3)x+u2y] − ein·ppi[(u1x+(u2+u3)y]
) 1
u3
φ3pi(u1, u2, u3) = 0.
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From the second equality of the above equation, we find
Rpi
∫ 1
0
duein·ppi(ux+uy)
[
uφpi+(u)− uφpi−(u)
]
= 2
∫ 1
0
duein·ppi(ux+uy)
[∫ u
0
db
φ3pi(u, u− b, b)
b
−
∫ u
0
db
φ3pi(u− b, u, b)
b
]
, (59)
where Rpi = fpiµpi/f3pi. Finally, due to isospin symmetry, there is the following constraint
φpi+(u) = φ
pi
−(u), φ
pi
−(u) = φ
pi
+(u). (60)
From these constraints, we can relate the coefficients in φpi± to combinations of the coef-
ficients of φ3pi. To begin with, as in Eqs. (51) and (52), we expand Rpiφ
pi
± as
Rpiφ
pi
+(u) = 2u
[
κ3/2 + κ5/2P
(0,1)
1 (2u− 1) + κ7/2P (0,1)2 (2u− 1) + κ9/2P (0,1)3 (2u− 1)
+ κ11/2P
(0,1)
4 (2u− 1) + · · ·
]
, (61)
Rpiφ
pi
−(u) = 2u
[
κ3/2 − κ5/2P (1,0)1 (2u− 1) + κ7/2P (1,0)2 (2u− 1)− κ9/2P (1,0)3 (2u− 1)
+ κ11/2P
(1,0)
4 (2u− 1) + · · ·
]
, (62)
which satisfy Eq. (60), due to the fact P (0,1)n (2u−1) = (−1)nP (1,0)n (2u−1). Then, substituting
Eqs. (54), (61), and (62) into Eq. (59), we find
κ3/2 = Rpi, κ
5/2 = 0, κ7/2 = 30ω7/2,
κ9/2 = −3ω9/2, κ11/2 = 3
2
(
4ω
11/2
1 − ω11/22
)
. (63)
We can also determine φpip and φ
pi
σ from Eq. (36). Using the following identities
uP (0,1)n (2u− 1) + uP (1,0)n (2u− 1) = C1/2n (2u− 1),
uP (0,1)n (2u− 1)− uP (1,0)n (2u− 1) = C1/2n+1(2u− 1), (64)
d
du
[
uuC3/2n (2u− 1)
]
= −1
2
(n + 1)(n+ 2)C
1/2
n+1(2u− 1),
we obtain
Rpiφ
pi
p = Rpi + 30ω
7/2C
1/2
2 (2u− 1) +
3
2
(
4ω
11/2
1 − ω11/22 − 2ω9/2
)
C
1/2
4 (2u− 1) + · · · , (65)
Rpiφ
pi
σ = 6uu
[
Rpi +
(
5ω7/2 − 1
2
ω9/2
)
C
3/2
2 (2u− 1)
+
1
10
(
4ω
11/2
1 − ω11/22
)
C
3/2
4 (2u− 1) + · · ·
]
. (66)
IV. SU(3) BREAKING EFFECTS AT LEADING ORDER IN λ
The large strange quark mass, compared to the up and down quarks, leads to significant
SU(3) breaking. We will only keep the strange quark mass in the analysis of SU(3) breaking,
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(a) (b)
FIG. 1: Leading SU(3) breaking interactions in LCDAs. The diagram (a,b) are examples of T (S,V )m ,
respectively. The dot represents L(1)ms and ‘⊗’ denotes the nonlocal SCET operator.
setting the u and d quark masses to zero. Furthermore, we will use the approximation that
ms/Λ is small, as was done in, e.g., Ref. [7]. In SCET, the leading SU(3) breaking effects for
the LCDA are obtained from time-ordered products of L(1)ms and the nonlocal twist-2 SCET
operator,
〈M |T
{
i
∫
d4zL(1)ms(z), ξ¯qnWδ
(
x− P
†
n · pM
)n/
2
γ5W
†ξq
′
n
}
|0〉 = T (S)m (x, µ) + T (V )m (x, µ), (67)
where {q, q′} = {u, d, s}, and L(1)ms ∼ O(ms/Λ) is given in Eq. (6) and can be rewritten as
L(1)ms = −msξ¯snW
[
1
PW
†iD/⊥W
]
n/
2
W †ξsn. (68)
Here the collinear derivative operator acts only within the square brackets, and thus L(1)ms
must involve at least one collinear gluon field. This helps us categorize the long distance
contributions for the time-ordered products as so-called “sea” contributions T (S)m and “va-
lence” contributions T (V )m [10], where L(1)ms are mediated by a collinear gluon (T (S)m ) and quark
(T (V )m ) as shown in Fig. 1.
An important point is that the sea contribution is common to all the light mesons, in-
dependent of the quark flavors of the nonlocal operators. So the sea quark contribution
cannot mediate SU(3) breaking effects between, for example, the pion and kaon. However
the valence contribution only occurs for mesons with the strange valence quark compo-
nent. Therefore we conclude that SU(3) breaking effects can be specified by the valence
contribution for each meson and we write the matrix element for the LCDA as
〈M |ξ¯qnWδ
(
x− P
†
n · pM
)n/
2
γ5W
†ξq
′
n |0〉 = 〈M |ξ¯qnWδ
(
x− P
†
n · pM
)n/
2
γ5W
†ξq
′
n |0〉SU(3) + T (V )m (x, µ),
(69)
where the subscript ‘SU(3)’ represents the matrix element in the SU(3) limit, including the
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(a) (b)
O
(1)
3
L(1)
ms
O(0)
FIG. 2: Examples of nontrivial renormalization effects for the time-ordered products of nonlocal
SCET operators and the leading mass interaction term L(1)ms . O(0) in the diagram (a) denotes
a leading twist operators shown in Eq. (30), and O(1)3 in the diagram (b) is a twist-3 3-particle
operator which has been defined in Eq. (34).
sea contribution. It can be identified with the matrix element for pion,
〈M |ξ¯qnWδ
(
x− P
†
n · pM
)n/
2
γ5W
†ξq
′
n |0〉SU(3) ∼ −i
fpi
2
n · pMφpi(x). (70)
The valence contribution in Eq. (69) can be further specified by the quark flavors of the
nonlocal operators, {T (V )m,A, T (V )m,B, T (V )m,A+B} = {(q = s and q′ = u, d), (q = u, d and q′ =
s), (q = s and q′ = s)}. The matrix element T (V )m,A contributes to (K−, K¯0) mesons, T (V )m,B to
(K+, K0) mesons, and T (V )m,A+B is needed for the |ss¯〉 component of the η meson. To leading
order in the SU(3) breaking, we identify
T (V )m,A+B(x) = T (V )m,A(x) + T (V )m,B(x), T (V )m,A(x) = T (V )m,B(1− x), (71)
where the second equation follows from the charge conjugate symmetry of the strong inter-
action.
To find the distribution for T (V )m , we need to consider the renormalization behavior of the
time-ordered products in Eq. (67). The nontrivial renormalization can be calculated from
diagrams such as Fig. 2-(a), and it turns out to be zero because there is no mixing to other
nonlocal operators at leading order in λ. We thus find that the time-ordered products can
be renormalized as T{Z(1)m L(1)ms , Z(0) ⊗ O(0)}, where O(0) is a leading twist operator in the
momentum space, and ⊗ denotes a convolution of the momentum fraction. As shown in
Ref. [22], L(1)ms is unrenormalized and so Z(1)m = 1. Then the renormalization behavior of the
time-ordered product becomes the same as the leading twist operator. As a result, we can
expand T (V )m in terms of Gegenbauer polynomials C3/2n ,
T (V )m,{A,B,A+B}(x, µ) = −
i
2
fm,{A,B,A+B}n · pMφ{A,B,A+B}m (x, µ) (72)
= − i
2
fm,{A,B,A+B}n · pM 6x(1− x)
∑
n=0
am,{A,B,A+B}n (µ)C
3/2
n (2x− 1).
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For example in case of K−, combining the above with with Eqs. (30), (69), and (70), we
have
fKφK−(x, µ) = fpiφpi(x, µ) + fm,Aφ
A
m(x, µ). (73)
In Eq. (72), we have introduced a new, nonperturbative decay constant, fm. In order
to specify the value of fm, we need to decide the normalization for T (V )m , with the choices∫
dx φm(x) = 0 or 1. If we choose the normalization as 0, we identify fK = fpi from Eq. (73).
In this case the decay constants do not break SU(3) at this order, and the breaking enters
in the distribution of the light meson with the strange quark component. A more general
choice is to assign to fK leading SU(3) breaking effects by setting the normalization of the
valence quark distribution as
∫
dx φm(x) = 1. In this case, we have the SU(3) breaking
∆f ≡ fK − fpi = fm,A ∼ O(ms) from Eq. (73). Experimentally the decay constants for
pion and kaon are fpi = 130.7 MeV, fK = 159.8 MeV [23] with the ratio fK/fpi = 1.22. So
there is significant SU(3) breaking in the decay constants, which prefers the normalization∫
dx φm(x) = 1. Therefore, in our analysis, we have the SU(3) breaking correction
fK
fpi
= 1 +
∆f
fpi
+O
(m2s
Λ2
)
, (74)
where ∆f/fpi = 0.22 +O(m2s/Λ2) numerically.
Identifying ∆f = fm,A = fm,B, we have the relation for K
+
fKφK+(x, µ) = fpiφpi(x, µ) + ∆fφ
B
m(x, µ), (75)
where φBm(x) = φ
A
m(1 − x) from the second equation in Eq. (71). The leading-twist matrix
element for the η meson,
〈η|ξ¯nWδ
(
x− P
†
n · pη
)n/
2
γ5
λ8√
2
W †ξn|0〉 = −ifη n · pη
2
φη(x, µ), (76)
gives, by combining Eqs. (69), (71), and (72),
fηφη(x, µ) = fpiφpi(x, µ) +
2
3
∆f
[
φAm(x, µ) + φ
B
m(x, µ)
]
. (77)
Here, we neglect η − η′ mixing, so the η state is given by |η〉 = |η8〉 = (1/
√
6)(|uu¯〉+ |dd¯〉 −
2|ss¯〉). Integrating both sides of Eq. (77) over x results in the relation
fη = fpi +
4
3
∆f ∼ fpi
(fK
fpi
)4/3
, (78)
which is similar to the ChPT results [24]. If we now use isospin symmetry, Eqs. (73), (75),
and (77) lead to
fpiφpi(x, µ)+3fηφη(x, µ) = 2fK
[
φK−(x, µ)+φK+(x, µ)
]
= 2fK
[
φK¯0(x, µ)+φK0(x, µ)
]
, (79)
valid at leading order in the SU(3) breaking.
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Since we can expand the LCDAs in terms of Gegenbauer polynomials, we can use Eq. (79)
to relate the coefficients of the various LCDAs,
fpia
pi
2n(µ) + 3fηa
η
2n(µ) = 4fKa
K
2n(µ), n = 0, 1, 2, · · · , (80)
where all the zeroth coefficients aM0 = 1 due to the normalization of the LCDAs. For φpi and
φη, the coefficients with odd n = 2m+1 vanish since the distributions are be invariant (up to
isospin violations) under the replacement x↔ x¯ = 1−x and Cn(2x−1) = (−1)nCn(2x¯−1).
On the other hand, for φK , the odd numbered coefficients a
K
2n+1 need not vanish due to SU(3)
breaking between the quark and antiquark field. We do have some relationships between
coefficients, however. From Eq. (71), we have a{K
−,K¯0}
n = (−1)na{K+,K0}n . Furthermore,
aAm,n = (−1)naBm,n and aA+Bm,n = aAm,n + aBm,n in the valence distribution φm(x). Combining all
the above leads to
fpia
K
2n+1 = ∆f(a
A
m,2n+1 − aK2n+1), (81)
fpi(a
K
2n − api2n) = ∆f(aA2n − aK2n), (82)
fpi(a
η
2n − api2n) =
4
3
∆f (a
A
2n − aη2n), (83)
where aKn = a
{K−,K¯0}
n , and the decay constants fK and fη have been expanded in terms of
fpi using Eqs. (74) and (78).
The magnitude of the valence contribution is O(ms) ∼ ∆f , which implies am,n ∼ O(1).
If we turn off the SU(3) breaking corrections, a{K,η}n reduces to a
pi
n, which suggests a
K
2n+1 ∼
O(ms/Λ) and a{K,η}2n ∼ api2n+O(ms/Λ). Therefore, up to the first order correction to SU(3),
the above equations simplify to
fpia
K
2n+1 = ∆fa
A
m,2n+1, (84)
fpi(a
K
2n − api2n) = ∆f(aA2n − api2n), (85)
fpi(a
η
2n − api2n) =
4
3
∆f(a
A
2n − api2n). (86)
V. SU(3) BREAKING CORRECTIONS AT SUBLEADING ORDER IN λ
The same analysis done at leading order in λ can be applied to the matrix elements for
LCDAs at subleading order. Consider the following matrix elements for K−
〈K|O(1)± (x, µ)|0〉 = −
i
2
fKµKφ
K
± (x, µ), (87)
where O(1)± (x) are twist-3 nonlocal operators in momentum space
O(1)+ (x) = J+(x) +K+(x) = ξ¯qnWδ
(
x− P
†
n · pK
) 1
P γ5W
†
(
iD/⊥ +mq′
)n/
2
ξq
′
n , (88)
O(1)− (x) = J−(x) +K−(x) = ξ¯qn
n/
2
(←−−
iD/⊥ +mq
)
W
1
P†
δ
(
x− P
†
n · pK
)
γ5W
†ξq
′
n . (89)
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Here, K±(x) are the pieces of the above operators proportional to mq and mq′ , respectively
and are suppressed by O(mq/Λ) relative to J±. The quark and antiquark flavors q, q′ are
chosen according to the flavor contents of the meson. For example, if we consider the matrix
elements for K−, the flavors (q, q′) are given by (s, u), and K+ can be neglected since it is
proportional to mu. In Eq. (87), the leading SU(3) breaking corrections come from the two
sources: the valence contribution from the time-ordered products of L(1)ms and J±, and the
matrix elements of K±.
For the K− system, the matrix elements of Eq. (87) can be written as
〈K−|O(1)+ (x)|0〉 = 〈K−|J+(x)|0〉SU(3) + T (V,+)m,A (x) (90)
〈K−|O(1)− (x)|0〉 = 〈K−|J−(x)|0〉SU(3) + 〈K−|K−(x)|0〉+ T (V,−)m,A (x), (91)
where T V,±m,A are the valence contribution of J± for K−. The matrix elements with the
subscript ‘SU(3)’ are analogous to the treatment in Eq. (70) and can be expressed in terms
of the pion LCDAs
〈K|O(1)± (x, µ)|0〉SU(3) = −
i
2
fpiµpiφ
pi
±(x, µ). (92)
Similarly, the matrix elements for K+ system can be written as
〈K+|O(1)+ (x)|0〉 = 〈K+|J+(x)|0〉SU(3) + 〈K+|K+(x)|0〉+ T (V,+)m,B (x), (93)
〈K+|O(1)− (x)|0〉 = 〈K−|J−(x)|0〉SU(3) + T (V,−)m,B (x). (94)
Due to charge conjugate symmetry, we have the relations
T (V,±)m,A (x) = T (V,∓)m,B (x¯), 〈K−|K−(x)|0〉 = 〈K+|K+(x¯)|0〉. (95)
Hence we identify φK
−
± (x) = φ
K+
∓ (x¯). The same analysis is applicable to {K¯0, K0}.
Next, consider the η meson. In this case, the valence contribution for the |ss¯〉 state in η
can be expressed as T (V,±)m,A+B(x) = T (V,±)m,A (x) + T (V,±)m,B (x), giving the matrix elements
〈η|O(1)± (x)|0〉 = 〈η|J±(x)|0〉SU(3) +
2
3
〈η|K±(x)|0〉+ 2
3
(
T (V,±)m,A (x) + T (V,±)m,B (x)
)
. (96)
Finally, combining the above equations, we find
fpiµpiφ
pi
±(x) + 3fηµηφ
η
±(x) = 2fKµK
[
φK
−
± (x) + φ
K+
± (x)
]
= 2fKµK
[
φK¯
0
± (x) + φ
K0
± (x)
]
, (97)
or, using Eq. (36),
fpiµpiφ
pi
p,σ(x) + 3fηµηφ
η
p,σ(x) = 2fKµK
[
φK
−
p,σ (x) + φ
K+
p,σ (x)
]
= 2fKµK
[
φK¯
0
p,σ(x) + φ
K0
p,σ(x)
]
. (98)
Choosing the normalization
∫
dx φM±,p,σ(x) = 1, we have
fpiµpi + 3fηµη = 4fKµK , (99)
which, using fK = fpi +∆f , fη = fpi + 4∆f/3, can be rewritten as
fpi(µpi + 3µη − 4µK) = 4∆f (µK − µη). (100)
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If we take the lowest order in SU(3) breaking, the right side of the above equation should
vanish since µK,η = µpi +O(ms/Λ). This implies
µpi + 3µη = 4µK. (101)
The contributions T (V,±)m (x) cannot be easily determined because the renormalization of
the relevant time-ordered product mixes with a time-ordered product involving msO(0). As
a result, φK,η± (x) involves leading-twist Gegenbauer coefficients a
K,η
n . As seen in Section III,
φM± can be related to the three-particle state LCDAs φ3M . Including SU(3) breaking, the
relation is modified, as we shall see, but a useful relation is still available. We can express
φK,η± in terms of a
K,η
n and coefficients of φ3K,3η, which will be investigated in the next section.
Applying a similar analysis to the three-particle state LCDAs for K, η, the matrix ele-
ments, to first order in SU(3) breaking, can be written as
〈K−|O(1)3 (xi, µ)|0〉 = 〈K−|O(1)3 (xi, µ)|0〉SU(3) + T (V )3m,A(xi),
〈K+|O(1)3 (xi, µ)|0〉 = 〈K+|O(1)3 (xi, µ)|0〉SU(3) + T (V )3m,B(xi), (102)
〈ss¯g|O(1)3 (xi, µ)|0〉 = 〈ss¯g|O(1)3 (xi, µ)|0〉SU(3) + T (V )3m,A+B(xi),
where xi, i = 1, 2, 3, are the momentum fractions for the quark, antiquark, and the gluon.
O(1)3 (x, µ) is the Fourier transform of the nonlocal operator shown in Eq. (34) that, with the
constraint
∑
i xi = 1, can be written as
O(1)3 (xi) = ξ¯qnWδ
(
x1 − P
†
n · pM
)n/
2
[
B/⊥δ
(
x3 − P
†
n · pM
)]
γ5W
†ξq
′
n . (103)
As before, we relate the SU(3) limit matrix element in SU(3) to the pion LCDA, 〈O(1)3 〉SU(3) =
i(n·pM)2f3piφ3pi. As with T (V )m and T (V,±)m , the valence contributions T (V )3m respect the relations
T (V )3m,A+B(xi) = T (V )3m,A(xi) + T (V )3m,B(xi), T (V )3m,A(x1, x2, x3) = T (V )3m,B(x2, x1, x3) (104)
From Eqs. (102) and (104), we find
f3piφ3pi(xi) + 3f3ηφ3η(xi) = 2f3K
[
φ3K−(xi) + φ3K+(xi)
]
= 2f3K
[
φ3K¯(xi) + φ3K0(xi)
]
. (105)
The three-particle LCDA defined in Eq. (54) does not have a convenient normalization.
We can redefine φ3M so that
∫
[dxi]φ3M(xi) = 1 by absorbing a scale-dependent factor into
the decay constant f3pi(µ),
φ3pi(xi, µ) = 360x1x2x
2
3
[
1 +
ω3pi(µ)
2
(7x3 − 3) + · · ·
]
, (106)
φ3η(xi, µ) = 360x1x2x
2
3
[
1 +
ω3η(µ)
2
(7x3 − 3) + · · ·
]
, (107)
while φ3K,3η, due to SU(3) breaking corrections can be written as
φ3K∓(xi, µ) = 360x1x2x
2
3
[
1± λ3K(µ)(x1 − x2) + ω3K(µ)
2
(7x3 − 3) + · · ·
]
. (108)
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Comparing with Eq. (106), λ3K gives an asymmetric distribution under exchange x1 ↔ x2
due to the SU(3) breaking between the quark and antiquark and is thus O(ms/Λ). Due to
the new normalization LCDAs, from Eq. (105) we easily see
f3pi + 3f3η = 4f3K , f3piω3pi + 3f3ηω3η = 4f3Kω3K . (109)
The valence SU(3) breaking contributions for f3K,3ηφ3K,3η arise in part from the mixing
with the matrix element 〈msO(0)〉 under renormalization. For example, the mixing for K−
can be calculated through the Feynman diagram Fig. 2-(b), and we find the renormalization
group equation
µ
d
dµ
[
f3Kφ3K−(xi, µ)
]
mixed
=
αsCF
2pi
msfK
x23
(x1 + x3)2
φK−(x1 + x3). (110)
Using the orthogonality to each term in Eq. (108) under the integration
∫
[dxi], we obtain
the mixed renormalization group equations for f3K , λ3K , and ω3K ,
µ
d
dµ
f3K = −γ3ff3K + αsCF
pi
msfK
( 1
12
+
1
20
aK1
)
, (111)
µ
d
dµ
(f3Kλ3K) = −γ3λf3Kλ3K + αsCF
4pi
msfK
(
−7
6
+
7
10
aK1 + a
K
2
)
, (112)
µ
d
dµ
(f3Kω3K) = −γ3ωf3Kω3K + αsCF
4pi
msfK
( 3
45
+
3
5
aK1 +
6
15
aK2
)
, (113)
where we included the only lowest two coefficients aK1,2 in φK− for the simplicity, and γ{3,3λ,3ω}
are the anomalous dimesions for {f3M , f3Mλ3M , f3Mω3M} in the massless limit [25]
γ3f =
αs
4pi
110
9
, γ3λ =
αs
4pi
139
9
, γ3ω =
αs
4pi
208
9
. (114)
The anomalous dimensions for the quark mass is γm = 8αs/(4pi) and γn for a
M
n are given in
Eq. (25). Combining, we obtain the solutions for the renormalization group equations,
f3K(µ) =
(
αs(µ)
αs(µ0)
) 55
9β0
f3K(µ0) +
2
19
[(
αs(µ)
αs(µ0)
) 4
β0 −
(
αs(µ)
αs(µ0)
) 55
9β0
]
(msfK)(µ0)
+
6
65
[(
αs(µ)
αs(µ0)
) 55
9β0 −
(
αs(µ)
αs(µ0)
) 68
9β0
]
(msa
K
1 fK)(µ0), (115)
(f3Kλ3K)(µ) =
(
αs(µ)
αs(µ0)
) 139
18β0
(f3Kλ3K)(µ0) +
14
67
[(
αs(µ)
αs(µ0)
) 139
18β0 −
(
αs(µ)
αs(µ0)
) 4
β0
]
(msfK)(µ0)
−14
5
[(
αs(µ)
αs(µ0)
) 139
18β0 −
(
αs(µ)
αs(µ0)
) 68
9β0
]
(msa
K
1 fK)(µ0)
+
4
11
[(
αs(µ)
αs(µ0)
) 139
18β0 −
(
αs(µ)
αs(µ0)
) 86
9β0
]
(msa
K
2 fK)(µ0) (116)
(f3Kω3K)(µ) =
(
αs(µ)
αs(µ0)
) 104
9β0
(f3Kω3K)(µ0) +
1
170
[(
αs(µ)
αs(µ0)
) 4
β0 −
(
αs(µ)
αs(µ0)
) 104
9β0
]
(msfK)(µ0)
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+
1
10
[(
αs(µ)
αs(µ0)
) 68
9β0 −
(
αs(µ)
αs(µ0)
) 104
9β0
]
(msa
K
1 fK)(µ0)
+
2
15
[(
αs(µ)
αs(µ0)
) 86
9β0 −
(
αs(µ)
αs(µ0)
) 104
9β0
]
(msa
K
2 fK)(µ0), (117)
which agree with the full QCD result [9].
VI. EXACT RELATIONS BETWEEN TWIST-3 LCDAS
The relations between twist-3 LCDAs including light quark masses have been studied in
full QCD [9, 19]. In this section, we consider the relations again using SCET. As a result
we express φK± in terms of the quark masses, a
K
n , and {f3K , λ3K , ω3K}, equivalent to what
was found in Ref. [9]. Further we consider φη± in order to confirm the relations between the
mesons pi, K, and η shown in Eqs. (97) and (98).
Keeping the light quark masses in, for example, the K− system, Eq. (59) is modified to
RK
2
[
uφK
−
+ (u)− uφK
−
− (u) +
ms −mu
µK
φK−(u)
]
(118)
=
[∫ u
0
db
φ3K(u, u− b, b)
b
−
∫ u
0
db
φ3K(u− b, u, b)
b
]
,
where RK = fKµK/f3K and φ3K has been defined in Eq. (108). The term involving quark
masses come from the matrix elements of K± shown in Eqs. (88) and (89). We need one
more relation in order to solve for φK
−
± simultaneously. For the pion, we had the isospin
symmetry relation, Eq. (60), which is unavailable for the K−.
Instead, we can obtain another relation starting from Eq. (28), keeping exact power-
counting in λ. Applying (nν/2)(−i∂µx + i∂µy ) to both sides of Eq. (28), we have
nν
2
(−i∂µx + i∂µy )〈K−|q¯s(x)σµνγ5[x, y]qu(y)|0〉
= −fKµKn · pK
∫ 1
0
duein·pK(ux+uy)
[φσ(u)
3
− 2u− 1
12
∂φσ
∂u
(u)
]
, (119)
where q = ξn + ξn, and we have used the relations
(−i∂µx + i∂µy )∆ν = −2igµν , (120)
(−i∂µx + i∂µy )ein·pK(ux+uy) =
nµ
2
n · pK(2u− 1)ein·pK(ux+uy). (121)
As before, we have set all the coordinates to be on the same lightcone, xµ = xnµ, yµ = ynµ,
and thus ∂µxf(x) = ∂
µ
xf(x)
∣∣∣
x⊥,n·x=0
. We can write the left-hand side of Eq. (119) as
nν
2
(−i∂µx + i∂µy )〈q¯s(x)σµνγ5[x, y]qu(y)〉 =
nν
2
〈q¯sW (x)
(
P†µ + Pµ
)
σµνγ5W
†qu(y)〉
+
nν
2
2
x− y 〈q¯
sW (x)
∫ x
y
dz
[
W †iDµW
]
(z)σµνγ5W
†qu(y)〉, (122)
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using the identity for the Wilson link [x, y]
(−i∂µx + i∂µy )[x, y] = −i∂µxW (x)W †(y) +W (x) i∂µyW †(y)
+
2
x− yW (x)
∫ x
y
dz
[
W †iDµW
]
(z)W †(y). (123)
Applying Eq. (56) and the equation of motion iD/ q(x) = mq(x) to the first term on the
right-hand side of Eq. (122), we have
q¯sW (x)P†µσµνγ5W †qu(y) = −iq¯sW (x)P†νγ5W †qu(y) + imsq¯sW (x)γνγ5W †qu(y)
−iq¯sW
[
W †i
←−
D/⊥W
]
(x)γνγ5W
†qu(y), (124)
q¯sW (x)Pµσµνγ5W †qu(y) = −iq¯sW (x)Pνγ5W †qu(y) + imuq¯sW (x)γνγ5W †qu(y)
−iq¯sW (x)γνγ5
[
W †iD/⊥W
]
(x)W †qu(y). (125)
Combining Eqs. (122), (124), and (125), to lowest order in λ, we can rewrite the left-hand
side of Eq. (119) as
nν
2
(−i∂µx + i∂µy )〈q¯s(x)σµνγ5[x, y]qu(y)〉 = (126)
−in · pK
2
〈
ξ¯snW (x)γ5W
†ξun(y) + ξ¯
s
nW (x)γ5W
†ξun(y)
〉
+ i(ms +mu)
〈
ξ¯snW (x)
n/
2
γ5W
†ξun(y)
〉
+
1
x− y
〈
ξ¯snW (x)
n/
2
∫ x
y
dz[2z − (x+ y)]B/⊥(z)γ5W †ξun(y)
〉
.
Applying Eqs. (31), (32), and (34) to the above equation, we find
nν
2
(−i∂µx + i∂µy )〈K−|q¯s(x)σµνγ5[x, y]qu(y)|0〉 = (127)
+
1
2
fKn · pK(ms +mu)
∫ 1
0
ein·pK(ux+uy)φK−(u)
−1
4
fKµKn · pK
∫ 1
0
ein·pK(ux+uy)
[
φK
−
+ (u) + φ
K−
− (u)
]
+
f3Kn · pK
x− y
∫ x
y
dz
∫ 1
0
[dui]e
in·pK(u1x+u2y+u3z)K(u1, u2, u3),
where K(ui) in the last line is
K(u1, u2, u3) =
(
∂
∂u1
+
∂
∂u2
− 2 ∂
∂u3
)
φ3K(u1, u2, u3). (128)
Comparing Eq. (127) to the right-hand side of Eq. (119), finally we obtain
∫ u
0
db
b
K(u− b, 1− u, b)−
∫ u
0
db
b
K(u, 1− u− b, b) (129)
= RK
∂
∂u
[
φK
−
σ
3
− 2u− 1
12
∂
∂u
φK
−
σ −
1
4
(
φK
−
+ (u) + φ
K−
− (u)
)
+
ms +mu
2µK
φK−(u)
]
,
= RK
[
ms +mu
2µK
∂
∂u
φK−(u)− ∂
2∂u
(
uφK
−
+ (u) + uφ
K−
− (u)
)
−
(
φK
−
+ (u)− φK
−
− (u)
)]
,
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which is our second relation needed to determine φK
−
± .
From Eqs. (118) and (129), we can determine φK
−
± . To begin with, expand φ
K−
± in terms
of Jacobi polynomials P (0,1)n and P
(1,0)
n ,
φK
−
+ (u) = 2u
[
1 +
∞∑
n=1
(
α3/2+n + β3/2+n
)
P (0,1)n (2u− 1) (130)
+
∞∑
n=1
(
αG3/2+n + β
G
3/2+n
)
P (0,1)n (2u− 1) + F+(u)
]
,
φK
−
− (u) = 2u
[
1 +
∞∑
n=1
(−1)n
(
α3/2+n − β3/2+n
)
P (1,0)n (2u− 1) (131)
+
∞∑
n=1
(−1)n
(
αG3/2+n − βG3/2+n
)
P (1,0)n (2u− 1) + F−(u)
]
,
where α
(G)
3/2+n (β
(G)
3/2+n) are (anti-)symmetric coefficients under exchange u ↔ u, and the
superscript (G) denotes coefficients coming from the three-particle LCDA φ3K−. F± are
SU(3) breaking in the asymptotic form, obtained by neglecting the contributions from φ3K−.
In this case, Eqs. (118) and (129) simplify to
uφK
−
+ − uφK
−
− + κ−φK− = 0, (132)
φK
−
+ − φK
−
− + u
∂φK
−
+
∂u
+ u
∂φK
−
−
∂u
− κ+∂φK−
∂u
= 0, (133)
where κ± = (ms±mu)/µK . Keeping only the lowest two coefficients aK1,2 in φK− and choosing
the normalization
∫
du φK
−
p (u) = 1, we find
F±(u) =
3
2
b+
(
2 + ln uu
)
+
3
2
b−
(
∓1 + ln u
u
)
, (134)
where b± = κ± − 3κ∓aK1 + 6κ±aK2 . The coefficients α3/2+n, β3/2+n can be be obtained from
Eqs. (132) and (133),
α5/2 = −3κ−aK1 + 6κ+aK2 , β5/2 = 9κ−aK1 − 18κ+aK2 , (135)
α7/2 = 9κ+a
K
2 , β7/2 = −
9
2
κ−a
K
2 .
Then, including the contributions from φ3K− in Eqs. (118) and (129), α
G
3/2+n, β
G
3/2+n are
αG5/2 = β
G
5/2 = 0, α
G
7/2 =
30
RK
, βG7/2 = 0, (136)
αG9/2 = −3
ω3K
RK
, βG9/2 = 10
λ3K
RK
.
Using Eq. (36), we finally find
φK
−
p (u) = 1 + 3(κ+ − 3κ−aK1 + 6κ+aK2 ) +
3
2
(κ+ + κ−)(1− 3aK1 + 6aK2 ) lnu (137)
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+
3
2
(κ+ − κ−)(1 + 3aK1 + 6aK2 ) lnu+ C1/21 (2u− 1)
(
−3
2
κ− +
27
2
κ+a
K
1 − 27κ−aK2
)
+C
1/2
2 (2u− 1)
( 30
RK
− 3κ−aK1 + 15κ+aK2
)
+ C
1/2
3 (2u− 1)
(
10
λ3K
RK
− 9
2
κ−a
K
2
)
−3C1/24 (2u− 1)
ω3K
RK
+ · · · ,
φK
−
σ (u) = 6uu
[
1 +
3
2
κ+ − 15
2
κ−a
K
1 + 15κ+a
K
2 +
3
2
(κ+ + κ−)(1− 3aK1 + 6aK2 ) lnu (138)
+
3
2
(κ+ − κ−)(1 + 3aK1 + 6aK2 ) lnu+ C3/21 (2u− 1)
(
3κ+a
K
1 −
15
2
κ−a
K
2
)
+C
3/2
2 (2u− 1)
( 5
RK
− ω3K
2RK
+
3
2
κ+a
K
2
)
+ C
3/2
3 (2u− 1)
λ3K
RK
+ · · ·
]
.
We can easily confirm that φK
+
p,σ (u) = φ
K−
p,σ (u) and φ
K+
± (u) = φ
K−
∓ (u) by replacing
{κ−, aK1 , λ3K} → −{κ−, aK1 , λ3K} in Eqs. (130), (131), (137), and (138).
In a similar fashion, we can obtain φηp,σ,
φηp(u) = 1 + 3κ
η
+(1 + 6a
ss
2 ) +
3
2
κη+(1 + 6a
ss
2 ) ln uu (139)
+C
1/2
2 (2u− 1)
( 30
Rη
+ 15κ+a
ss
2
)
− 3C1/24 (2u− 1)
ω3η
Rη
+ · · · ,
φησ(u) = 6uu
[
1 +
3
2
κη+(1 + 10a
ss
s ) +
3
2
κη+(1 + 6a
ss
2 ) ln uu (140)
+C
3/2
2 (2u− 1)
( 5
Rη
− ω3η
2Rη
+
3
2
κη+a
ss
2
)
+ · · ·
]
,
where κη+ = 4fssms/(3fηµη) ∼ 4κ+/3 at leading SU(3) breaking, with µη = 3m2η/(mu+md+
4ms) ∼ 3m2η/(4ms), and assn comes from the leading matrix element
〈ss|ξ¯snWδ
(
u− P
†
n · pη
)n/
2
γ5W
†ξsn|0〉 = −ifss
n · pη
2
6uu
[
1 + ass2 C
3/2
2 (2u− 1) + · · ·
]
. (141)
From the above results, we can check the relation Eq. (98) neglecting O(m2s/Λ2).
In this case, we take κ+ = κ−, ms{fK,η, f3K,3η, µK,η, aK,ss2 } = ms{fpi, f3pi, µpi, api2}, and
ms{aK1 , λ3K} = 0. As an example, for φMp , we have
fpiµpiφ
pi
p + 3fηµηφ
η
p = fpiµpi + 3fηµη + fpi
[
12ms + 72msa
pi
2 + 6ms(1 + 6a
pi
2 ) lnuu
]
+C
1/2
2 (2u− 1)
[
30f3pi + 90f3η + 60msfpia
pi
2
]
−C1/24 (2u− 1)
[
3f3piω3pi + 9f3ηω3η
]
+ · · · , (142)
2fKµK
[
φK
+
p + φ
K−
p
]
= 4fKµK + 12fpi(ms + 6msa
pi
2 ) + 6msfpi(1 + 6a
pi
2 ) lnuu
+C
1/2
2 (2u− 1)
[
120f3K + 60msfpia
pi
2
]
−12C1/24 (2u− 1)3f3Kω3K + · · · . (143)
Using Eq. (109) in the above equations, we confirm the SU(3) relation for φMp . We can
similarly check that the relations for φM± and φ
M
σ are satisfied.
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VII. CONCLUSION
In this paper we have studied the lightcone formalism for light pseudoscalar mesons using
SCET. The lightcone conformal symmetry is transparent within the framework of SCET,
with the twist expansion corresponding to the SCET power-counting expansion in λ. The
LCDAs are well-defined in a gauge-invariant way at any given order in λ. Relations between
LCDAs, equivalent to established full QCD results, have been rederived in an independent
way, not using the term-by-term matching between full QCD and SCET as suggested in
Ref. [6].
We also investigated leading SU(3) breaking corrections to the lightcone formalism. The
leading SU(3) breaking effects in LCDAs can be realized in SCET as the time-ordered
products of nonlocal operators and L(1)ms, the mass term in the SCET Lagrangian. The
contributions can be categorized as “sea” and “valence”, with the former independent on the
type of light meson. Thus, the SU(3) breaking effects for each meson can be specified solely
by the valence contribution. Analyzing these, we obtain leading SU(3) breaking relations
between the light meson pi,K, η at leading and subleading order in λ, given in Eqs. (79) and
(98). The leading and subleading relations Eqs. (79) and (98) imply the SU(3) breaking
relations between the decay constants fpi + 3fη = 4fK and µpi + 3µη = 4µK . Applying these
results to the original relations, we easily show
φpi(x) + 3φη(x) = 2
[
φK−(x) + φK+(x)
]
= 2
[
φK¯0(x) + φK0(x)
]
, (144)
φpi±,p,σ(x) + 3φ
η
±,p,σ(x) = 2
[
φK
−
±,p,σ(x) + φ
K+
±,p,σ(x)
]
=
[
φK¯
0
±,p,σ(x) + φ
K0
±,p,σ(x)
]
. (145)
which were obtained in Refs. [10, 11] by applying ChPT to the lightcone formalism.
The results presented here could be extended to light vector mesons and can be applied
to hard processes with energetic particles. For example, our results could contribute to
the clarification of the difference between B → pipi and B → piK under the factorization
approach. In η − η′ systems, the mixing angle could be extracted more accurately allowing
for SU(3) breaking. More studies in this direction may give significant corrections to present
theoretical results, and hence allow for better interpretation of experimental data or might
even help us identify new physics.
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